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1. Abstract theory. Let M be a C?-Riemannian manifold without
boundary modeled on a separable Hilbert space (see Lang [3]). For
pE M we denote by {, ), the inner product in the tangent space M,
and we define a function || || on the tangent bundle T(M) by o]
= (v, v))/* for & M,. Given p and ¢ in the same component of 3 we
define p(p, ¢)=1Inffille’(t)||d!, where the Inf is over all C! paths
o: [0, 1]—M such that ¢(0)=p and ¢(1)=g. Just as in the finite
dimensional case one shows that p is a metric on each component of
M which is consistent with the manifold topology. If each com-
ponent of A is complete in this metric M is called a complete
Riemannian manifold and we assume this in all that follows. Let
f: M—R be a C* function. Then df, the differential of f, is a C? cross
section of the cotangent bundle of M, hence there is a uniquely de-
termined C! vector field Vf on A, the gradient of f, such that df,(v)
={v, Vf(p)), for v&EM,. We denote by ¢, the maximum local one-
parameter group generated by — Vf. A critical point of f is a point
where V[ vanishes; equivalently a stationary point of ¢.. At a critical
point p of f there is a uniquely determined continuous bilinear form
H(f), on M, the Hessian of f at p, such that H{f),(u, v)
=d¥(f o ¢V (dop,(u), dp,(v)) il ¢ is any chart at p. The supremum of
the dimensions of subspaces on which H(f), is negative (positive)
definite is called the index (coindex) of f at p. H(f), is symmetric,
hence there is a uniquely determined bounded self-adjoint operator
A on M, such that H(f),(u, v)={(Au, v),. The critical point p is
called nondegenerate if A4 has a bounded inverse. In this case p is
isolated in the set of critical points.

Let fov=f=1[a, b] and o=+ Norse theory is concerned with
relating the structure of the critical point set of f in f** with the
homology, homotopy, homeomorphism, and diffeomorphism type of
the pair (f?, /*). We shall be concerned with the Morse theory of pairs
(M, /) as above which satis{ly at least the following extra condition:

(C) If Sis asubset of A on which |f is bounded but on which
’l Vfll is not bounded away from zero, then there is a critical point of
fin the closure of S.

Note that if f is proper (which implies that M is finite dimensional)
and in particular if M is compact then condition (C) is automatically
satisfied. More interesting though is the fact, which we will make
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precise in later sections, that a fairly general class of calculus of varia-
tions problems can be interpreted as pairs (M, f) satisfying condition
(C). The following is thus an existence theorem for minimizing ex-
tremals of such problems.

TueoreM 1. Let (M, f) satisfy (C) and assume f is bounded below
on a component Mo of M. Then f assumes its greatest lower bound on
Mo. If p& Mo then ¢.(p) is defined for all positive t and ¢.(p) has a
critical point of f as limit point as t— . If all the critical points of fon
My are nondegenerate then in fact lim.., ¢.(p) exists and is a critical
pownt of f for each p & M. If f is bounded below on all of M then f as-
sumes its greatest lower bound on M provided the critical point set of f
has no interior, i.e. provided f is not constant on any nonempty open
set, hence in particular if all the critical points of f are nondegenerate.

REMARK. In any reasonable calculus of variations problem it is a
priori evident that the function cannot be anywhere locally constant,
hence condition (C) implies the existence of absolute minima.

A real number ¢ is called a critical value of f if f~'(¢) contains a
critical point of f, otherwise ¢ is a regular value of f. If ¢ is a regular
value of f then it is easily seen that f° is a closed submanifold of M
with boundary f~'(c).

Tueorem 2. Let (M, f) satisfy condition (C) and assume that all
critical points of f are nondegenerate. Then

(1) For any real numbers a <b there are only finitely many critical
points of f in f**, hence the critical values of f are isolated.

(2) Let a and b be regular values of f and suppose that among the
critical points of f in f*b there are r having finite index. Let the indices
of these critical points be dy, - + -, d,. Then f* has the homotopy type of
Jfe with v cells of dimensions ds, - - -, d, attached.

CoroLLARY 1 (MORSE INEQUALITIES). Let a and b be regular values
of f. Let R}® be the ith betti number of (f*, f<) with coefficients in a field
and let C}° be the number of critical points of index i in fob. Then

(1) S (=0TR = X (e,
1=0 =0
@) Rz,
kil i_a,b had i ab
A3) 2 (DR =2 (=1n'c.
=0 =0

REMAREK. Note that if f is bounded below then in the theorem and
Corollary 1 we can take a < greatest lower bound of fin which case
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fe= so (f*, fo) =f% Ry’=ith betti number of f*, and C*”=number
of critical points of f in f* having index . If we now let b~ « through
regular values we get

COROLLARY 2. Assume | 1s bounded below and let R; denote the ith
betti number of M with coefficients in a field and C; the number of critical
points of f having index © (either or both may be infinite). Then R; = C;
and if each C;1is finite 1=0, - - -, m then

i (—— 1)m~iRi = i (— 1)m_iC¢.

Assume the hypothesis of Theorem 2 and let ¢ <b be regular values
of f and ¢ the only critical value of fin [a, b]. Let py, - - -, p, be all
the critical points of f on f~'(¢) and let k; and /; be respectively the
index and coindex of f at p;. Then one can show that f* has the
diffeomorphism type of f* with handles of type (&1, L), - - -, (&, )
attached (a handle of type (k, [} is D* X D! where D7 denotes the
closed unit disc in a Hilbert space of dimension r, 0 <7< « ; what it
means to attach a handle to a manifold with boundary we shall not
make precise here other than to say it is strictly analogous to the
well-known process in the finite dimensional case).

2. Manifolds of maps. The prototypes of theorems of this section
are due to J. Eells [2].

Let M be a compact differentiable (C*) manifold possibly with
boundary, £ a real finite dimensional vector bundle over M with fiber
E and C7(£) the vector space of C7-cross sections of £. If we identify
an open set O of M with an open set in a vector space V by a chart
and trivialize £ over 0, then every f&C"(£) defines a C™-map f: 0—E
and for each p&C0 and m=0, 1, - - -,  the mth differential for f at p
is an element of the space Ly (V, E) of symmetric m-linear maps of V
into E. The set of fECr() such that d"f,=0 m=0,1, -, risa
vector subspace Z,(£) of C7(£) which does not depend on the chart or
trivialization, and the quotient J7(§),= C"(£§)/Z,(£) is a finite dimen-
sional vector space isomorphic to @, L7 (V, E). Then J"(£), is the
fiber at p of a differentiable vector bundle J7(£) over M, the r-jet
bundle of £, and there is an obvious one-to-one linear map j,: C7(§)
—C(J7(£)) called the r-jet extension map. The compact open topol-
ogy on C°(J"(£)) induces via the injection j, a topology on C*(£) (the
Cr-topology) which can be derived from a complete norm, and hence-
forth we regard C"(£) as a Banach space whose norm is given only
to within equivalence. Let u be a “smooth” measure on M (i.e. if
¢: 0—R" is a chart, then there is a strictly positive C* real valued
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function f on ¢(9) such that for each subset E of © p(E) =[5, f(x)dx
where dx is the element of Lebesgue measure in R7). If we give J7(§) a
Riemannian structure then (f, g)=[{,(f)(x), j.(¢)(x) )du(x) defines a
prehilbert space structure on C7(£) which changes to an equivalent
one if we change u or the Riemanuian structure on J7(§). The com-
pleted space is the Sobolev space H™{{) of “/"-cross-scctions of £, a
Hilbert space whose inner product is defined up to equivalence. Now
let v be a differentiable fiber bundle over A7 in the senze of Lhres-
mann (i.e. v is a fiber bundle whose total space, fiber, aud projection
are differentiable and which is differentiably locally trivial) and sup-
pose v is a “closed sub-bundle of £” in the sense that the total space
of v is a closed submanifold of the total space of £ and the projection
of v is the restriction of the projection of & The space C7(y) of (-
cross sections of v in the €7 tepology is then a closed subspace of
Cr(E). Let H(y) denote the closure of C"(y) in H"(§).

THEOREM 1. C7(v) is a closed C* submanifold of the Banach space
C(&). If 2r>dim M ihen H'(y) is a closed C*-submanifold of the
Hilbert space H(£).

The important point is that C7(y) is always a C*-manifold and
thatif 27 >dim M then H’(v) is a Flilbert manifold. The next theorem
will show that the differentiable structure of C7(y) is intrinsic, i.e.
independent of the embedding of v as a sub-bundle of a vector bundle.
In fact it says that C7(y) is a covariant functor from differentiable
fiber bundles over M to C® manifolds. Similarly it says that if
2r>dim M then H(y) is a covariant functor to C=-Hilbert mani-
folds.

THEOREM 2. Let &' be a second wvecior bundle over M, ~' a differentiable
fiber bundle over M that is a closed sub-bundle of & and ¢:v—y a
differentiable fiber preserving map. Define @: C'(y)—C(y') by &(f)
=¢of Then §isa C*-map and if 2r>dim M ¢ extends to a C* map of
Hr(y)—H(¥').

REMARE. If we fix an inner product for the Hilbert space H7(§),
then this induces a complete Riemannian structure on the closed
submanifold Hr(y) (2r>dim M). However the latter clearly is not
intrinsic.

REMARK. Specializing to the important special case of product
bundles v = 3 X W the above defines a C* manifold structure on the
space Cr(M, W) of C" maps of M into W, and (if 2r>dim M) a C*
Hilbert manifold H7(M, 11") of H" maps of i into . It is well known
that Cr(M, W) has the homotopy type of C'(3, W). The same is
true of H"(M, W) i 2r>dim M.
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3. Variational problems. Maintaining the notation of the preceding
section let F: J"(£§)—R be a C* function and let i be a smooth meas-
ure on M. Define J: C"(§)—R by J(f) = [uF(G:(f))du, r= k.

THEOREM. If r2k then J is a C* real-valued function on Cr(§).

The calculus of variations is concerned with the study of the criti-
cal points of J, usually restricted to some submanifold of Cr(vy) de-
fined by certain “boundary conditions.” In order to apply the ab-
stract theory of §1 one puts conditions on the integrand F to insure
that J extends to a function of at least class C? on Hr(£). Then if
2r>dim M J restricted to the submanifold of H(7y) corresponding
to the boundary conditions will also be of class C2. Similarly one im-
poses conditions on F to insure that condition (C) of §1 will be satis-
fied on this submanifold. While we are far from having definitive
results in this direction we will give in the next two sections theorems
which include a great number of classical results and many new re-
sults besides.

4. A generalization of the Morse theory of geodesics. Let D be a
domain with smooth boundary in R*. Given ann-tuplea=(ay, - - -, an)
of non-negative integers let |a| =as+ - - - +a.. For each such «
with |a| <k let 4. be a C*-map of D into the space of linear trans-
formations of R? into itself and define a linear map L = D lalzr AaDe
of Ciel(D, Rr) into C%(D, R”) by

IN@ = X Au®) @ /027 - - - 05T (w).
lalsk

Such an L is called a kth order differential operator and its symbol
ox(L) is the map of DX (R*—0) into the space of linear maps of R?
into itself defined by ou(L)(x, £) = Djai—t & - - - £ Ao(x). If o4(L)
is everywhere nonsingular then L is called elliptic and if 2=27 and
(—1)ox(L) is everywhere a positive definite self-adjoint operator
then L is called strongly elliptic. The {formal adjoint L* of L is the
kth order differential operator D jaigr (—1)1€l4%D= (where AX(x)
is the adjoint of 4.(x)), so clearly o.(L*) =(—1)Yax(L). If L' is an
mth order differential operator then it is easily seen that L'L is an
(m+k)th order differential operator and that g, (L'L) = on(L)or (L),
hence if L is elliptic of order £ then L*L is strongly elliptic of order 2%.

We denote the inner product in R? by (, ) and for f, g&CYD, Rr)
we define (f, g)o= [p(f(x), g(x))dx. Let W be a closed submanifold of
R?. Let fo€C=(D, W) and let C3(D, W) be the set of FECHD, W)
such that D*f(x) = Defo(x) for |a| <k and x*€dD, and let HX(D, W)
denote the closure of C§(D, W) in H*(D, R?). Then it follows from
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the results of §2 that Ci(D, W) is a closed submanifold of C*(D, R?)
and that if 2k > then Hi (D, W) is a closed submanifold of H*{(D, R?),
hence a complete Riemannian manifold. Now let L be a differential
operator of order 2k and define a C*-function J: C¥*(D, R?)—R by
J(f) =(Lf, fo. Then one shows that J restricted to C3*(D, R?) ex-
tends to a C*-map of Hy(D, W)—R il 2k>n. We will denote this map
by J also.

THEOREM, Assume that L is a strongly elliptic differential operator
of order 2k>n such that Lf =0 has no solution f CC>(D, R?) satisfying
the boundary conditions D*f(x) =0 for all al <k and all x=3D. Then
J: HY(D, W)—R satisfies condition (C) of §1. Moreover all the critical
points of J on Hy(D, W) are in Cy (D, W).

If L=A*4 where A is an elliptic kth order differential operator
then J(f) is essentially Hlfllﬁz {Af, Af). Moreover Lf=0 with the
boundary conditions of the theorem imply Af=0. A case of special
interest is k=n=1, D=1 (the unit interval) 4 =d/dx. Then Cy(I, W)
is all C*-paths a: I—W with ¢(0) and ¢(1) two given points 2 and Q
of W and ||Ad]|3=fallo’(1)}|d¢, the usual action integral. Thus the
critical points are the geodesics joining P to Q parameterized pro-
portionately to arc length, and the theorems of §1 in this case yield
the usual Morse theory of geodesics [6].

5. A nenlinear Dirichlet problem. As in §3, given the C* integrand
F: J5(E)—=R, let J(f) =[x F(jrf)dx definea C* real function on C*(§).
For (“Dirichlet”) boundary data of our calculus of variations prob-
lem (if boundary M is nonempty), let fo&C*(£), and C5(£) be the
affine subspace of maps f with ji_1f=ji-1fo on M. Finally let H{(&)
be the closure of Ce(£) in H*(£).

We furthermore give the following conditions on F. There exists
afinitelocal trivialization of J*(£), U XEXL(V,E)X - - - XLV, E)

={(x, p° p, - -+, p) =1 (x, P}, a=1,+ -, m, such that on each,
the restriction of F, still denoted by F satisfies:
(1) F(xa P) = 611!17”2 + C2y
k
() Fulx, p)(8,8) < oo 8], BEEX -+ X LV, E),

@ clplr-cos [ 16 s

@ ClBl? = Fuuls, BB,  BE LV, B).

Here the ¢, are constants and the subscripts on F denote partial
derivatives. Thus for example
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Fapi Ua X - - - X LV, E) = LL (V, E), R),
PEEXL(V,E)X - X LV, E) and p € L'V, E).

In the usual case of the (linear) Dirichlet problem, F is derived
from a metric on J*(£) in the sense of [3], i.e. is quadratic on each
fiber. Then conditions (1) and (2) are automatically satisfied and (3),
(4) are a strengthened form of strong ellipticity.

THEOREM. If F satisfies (1), (2), then the real C* function
J=[uF(if)du on C*(&) can be extended to a C* function of H*(E). If
furthermore, conditions (3), (4) are satisfied, then Jo: HY(E)—R, the
restriction of this extension to Hy(§) satisfies (C) of §1. Hence Jo has a
minimum on Hg(£) and if the critical points of Jo are nondegenerate the
Morse theory is valid (¢f. §1).

ReEmargs. 1. Conditions (1)-(4) obviously strongly restrict the
integrand F, but on the other hand they allow a great deal of non-
linearity and at the same time include the (linear) Dirichlet problem
in the general form of Garding, Browder and Visik, see [8], (when ¢
is a product and M a domain of Euclidean space).

2. Since H{(£) is contractible, of course no other critical point of
Jo besides the minimum is forced by the homology of Hi(£). How-
ever, the Morse theory implies, for example, that if J, has two local
nondegenerate minima, then J, has some other critical point (such F
satisfying our conditions are easy to construct). Morrey (see e.g. [5])
has shown the existence of a minimum (if 2= 1) under our conditions
on F. F. Browder [1] at the same time as this work has proved an
existence theorem for partial differential equations related to the
above.

3. The critical points of J, are weak solutions of the nonlinear
strongly elliptic Euler equations. It seems possible that they are C®
sections. Ilowever the known regularity theory, for example [8],
and di Giorgi-Nash cf. [4], [7], implies this only under further drastic
assumptions on the problem.

4. Presumably, the theorem of this section extends to sub-bundles
n of £ under similar conditions on F and 2k>dim M. Then usually
the homology of Hg(n) will be highly nontrivial and the existence
theory will imply much more.

Conversations with several mathematicians have been helpful here,
especially those with L. Nirenberg regarding the last section.
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