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C1 ACTIONS OF COMPACT LIE GROUPS ON COMPACT 
MANIFOLDS ARE C1-EQUIVALENT TO C? ACTIONS. 

By RICHARD S. PALAIS.* 

Introduction. Let C. and C2 be two categories and let F: C,---O#C2 
be a weakening of structure (" forgetful ") functor, i. e. for each pair of 
objects X1 and X2 of C, the map of Morph (X1, 2X) to Morph(F(X1), F(X2)) 
is injective. Let 01 and 02 denote the equivalence classes of objects of C, 
and C2 defined by the equivalence relations of isomorphisms in the respective 
categories. Then F induces a map F: 01- O2 and the question of whether 
X is injective, surjective, or bijective is often of interest. For example for 
O ? kc ?oo let Mank denote the category of Ck paracompact manifolds and Ck 
maps, and for k > I let FZk: Mank - Manz be the obvious forgetful functor. 

A 

Then for I = 0 Fok: Mank -- Man0 is neither surjective nor injective, i.e. 
there exist topological manifolds which admit no Uk structure [3] and there 
exist topological manifolds with non-isomorphic Ck structures [5]. How- 
ever if I> 0 then Flk is always bijective, i.e. every CL manifold admits a 
compatible Ck structure [10] and if two Ck manifolds are CL diffeomorphic 
they are Ck diffeomorphic (the latter is trivial from standard approximation 
theorems). 

Below we shall prove the analogous statements for the categories Mank(G) 
of compact Ok G-manifolds where G is a compact Lie group (see ? 1 for 
precise definitions). Our main results are summarized in the following 
theorems. 

THEOREM A. Let G be a compact Lie group and let M, and M2 be 
closed Ck G-manifolds (2 ? k ?0o). If M1 and M2 are Cl equivariantly 
diffeomorphic (1 ? I < k) then they are Ck equivariantly diffeomorphic. In 
fact any Cl equivariant map f: M1 -> M2 can be approximated arbitrarily 
well in the Cl topology by a Ck equivariant map. 

THEOREM B. Let G be a compact Lie group and MO a closed Ck G-mani- 
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fold 1 ? k ? oo. Then there is a closed C?? G-manifold M u which is GF equi- 
variantly diffeomorphic to Mo. 

The following is a more precise form of Theorem B. 

THEOREM C. Let i be a closed CU manifold, G a compact Lie group, 
and for 1 < k < oo let aVk(G, M) denote the space of 0k actions a: G X M AI->M 
of G on M with the Ck topology and let Difk (M) denote the group of C", 
diffeomorphisms of M with the Ck topology. Given ao C (k (G, i) we can 
find a C -a I (G, M) arbitrarily near a0 in aCk(G, M) and f arbitrarily near 
the identity in Diffk (3) such that af = a0; where af C ak (G, M) is defined 
by af (g, x) =f-1a (g, fx). 

As an immediate consequence of Theorems A and B we have the following 

THEOREM D. For 0 ? Ic ? o let Mank ( G) denote the category of closed 
Ck G-manifolds and Ck equivariant maps, and for 1< 7c let F1k: Mank (G) 

Manz(G) denote the obvious weakening of structure functor. Then if 1>1 
Fzl: Mank (G) ->Manl (G) is bijective. 

It is worth remarking that for the case l= 0 the situation is again quite 
the opposite and FOk is in general neither injective nor surjective. For example 
there exist C? actions of Z2 on a sphere which are CO equivalent to the linear 
reflexion in a line but are not C' equivalent to a linear action [4]. Also 
whereas there are always at most countably many equivalence classes of smooth 
actions of a compact Lie group G on a compact smooth manifold M1 [8], so 
that in fact Mank (G) is always countable for kI ? 1, Z2 or S1 can act in 
uncountably many topologically inequivalent ways on S5, and more generally 
any non-trivial compact Lie group G can act uncountably many topologically 
inequivalent ways on some Sn [9], so that Mano(G) is always uncountable 
and hence Fok is never surjective for G 74 e. 

I would like to thank M. W. Hirsch for a conversation that was very 
helpful in the preparation of this paper. 

1. Notation and preliminaries. G will always denote a compact Lie 
group. A (left) action of G on a space X is a continuous map a: G X X -- X 
such that the map i: GU->Xx defined by J (g) (x) ==a(g,x) is a homo- 
morphism of G onto the group of homeomorphisms of X. We call o (g) the 
operation of g on X (defined by the action a). A G-space is a completely 
regular space X together with a fixed action oz of G on X and generally we 
write gx for a (g, x). If AT and Y are G-spaces a map f: AT-* Y is called 
equivariant if f(gx) =--gf(x). A Frechet G-module is a G-space V which is 
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a Frechet space (= complete, metrizeable, locally convex, topological vector 
space) such that each operation of G on V is linear. If in addition V is 
finite dimensional we call it a linear G-space. In this case by choosing an 
arbitrary orthogonal structure for V and "averaging it over the group" 
(see Theorem 1. 1) we can find an orthogonal structure for v with respect 
to which each operation of G is orthogonal, and with this extra structure 
we call V a Euclidean G-space. 

By a Ck G-manifold 0 ? ks ?oo we shall mean a Ck manifold M, possibly 
with boundary, which is a G-space in such a way that the action c': G X M -*> _I 
is a Ck map, so in particular each operation of G on M is a Ck diffeomorphism. 
If M is compact and without boundary we call it a closed CkC G-manifold. 
In particular we regard G itself as a closed C- G-manifold with the natural 
left translation action. 

If M is a CkC manifold we denote by (1k ( G, M) the space of Ck actions 
of G on M and by Diffk (M) the group of Ck diffeomorphisms of M, both 
with the Ck topology. There is a natural (right) action of Diffk (M) on 
ak (G, M), (fi, c) s-- ,f, where af (g, x) = f-l (g, fx). This action is easily 
scen to be continuous. Note that f is equivariant from M with the action af 
to M with the action a. If M1 and M2 are Ck G-manifolds we denote by 
Ck (M1, M2) the space of C7C maps of M1 to M112 with the Ck topology and by 
CGk(M1, M2M) the subspace of equivariant maps. We note that Ck(M1, 112) 
is in a natural way a G-space; namely if f C Ck (M1, M2) then gf C Ck (M1, M2) 
is defined by (gf) (x) =g(f(g-1x)), and CG7k(Ml,M2) is just the set of 
f C Ck (MI, M2) left fixed by each operation of G. If M is a Ck G-manifold 
and W is a linear G-space then C7U (M, W) is a Frechet G-module. In 
particular if TV is any finite dimensional vector space we can regard it as a 
linear G-space by letting G act trivially and Ck (31, W) becomes a Frechet 
G-module, the action of g E G on f E CU(M, W) being given by (gf)(x) = f(g-1x). 
In particular Ck(M) - Ck(M, R) is a Frechet G-module and more particu- 
larly still Ck(G) is a Fr6echet G-module. 

The following is a classical and trivial remark ("averaging over the 
group "). 

1. 1. THEOREM. If V is a Frechet G-module then A: Vl-* V defined 
by A (v) = fgv4 (g), where ,u is normalized Haar measure on G, is a con- 
tinuous linear projection of V onto the subspace VG of V consisting of 
elements left fixed by each operation of G. 

As a corollary we have: 
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1. 2. THEOREM. If M is a Ck G-manifold and W is a linear G-space 
then A: Ck(M,W) ->OCl(M,W) defined by (Af)(x) =fg(f(g-1x))dju(g) is 
a continuous linear projection onto CGk (M, W). 

1. 3. COROLLARY. CGk(M, W) is dense 'in CGZ (M11, W) for O? _? I_. 

Proof. Given f E CGI(M, W) choose a sequence {fn} in CUf(M, W) con- 
verging to f in CU(M, W). Then {Afn} is a sequence in CGk(M, W) con- 
verging to Af-==f in CGt(M,W). Q.E.D. 

For each Frechet G-module V we define a continuous bilinear map 
(f,v) b > f*v of C?(G) X V into V by (f*v) (x) - ff(g)gvd/l(g). It is 
trivial that for fixed vC 1V f 1 f v is a continuous, linear and equivariant 
(i.e. (gf)*v g(f*v)) map of CO(G) into V and v is in the closure of its 
image (in fact if {fn} is a sequence in C?(G) of positive functions with 
integral one whose supports shrink to the identity, then fn*v - v). An 
element of a Frechet G-module V is called almost invariant if its orbit spans 
a finite dimensional subspace of V. From the equivariance of f e-f*v it 
follows that if f C CO(G) is almost invariant in CO (G) then f*v is almost 
invariant in V. According to the Peter-Weyl Theorem [1] the almost invar- 
iant elements of C?(G) are dense, so since f & > f v is continuous and has v 
in its closure we can find almost invariant f,,, in CO (G) such that f*v ---v. 
Since each f.j*v is almost invariant in V this proves the following classical fact: 

1. 4. THEOREM. In any Frechet G-module V the almost invariant 
elements are dense. 

2. The Ck equivariant embedding theorem. The following theorem 
is proved in [6], and [7] for the cases k == 1 and kI -=oo respectively, While 
either proof extends easily enough to the case of general kc we give here the 
appropriate generalization of Mostow's proof, which is the easier. 

2. 1. THEOREM. If M is a compact Ck G-manif old with 1 ? Ik ? 00 then 
there exists an equivariant 'c embedding of M in some Euclidean G-space. 

Proof. Let W be a Euclidean space in which M admits a Ck embedding 
(e. g. R2 +', n = dim 111), regarding as a Euclidean G-space by letting G 
act trivially. Since the space of embeddings of M in W is open in the Frechet 
G-module Ck (M, W) we can by Theorem 1. 4 find a Ok embedding fi: M - W 
with f almost invariant in Ck(111, W). Let U be the linear span of the orbit 
of f in Ck (11, W), a finite dimensional invariant linear subspace of Ck (M, W) 
and hence a linear G-space. Choose a G-invariant positive definite product 
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for U, making U a Euclidean G-space. By a change of scale we can assume 
f - f, is a unit vector and we extend f, to an orthonormal basis for U; 
fl- * nfin. For g C G gfi == aij (g) fj where, since G acts orthogonally on 
U and the fi are orthonormal, aij(g-1) = aj1(g). Now U 0 W is a Euclidean 
G-space (the action of G being defined by g(um? w) ==(gu) 'O w) and we 
will define a Ck equivariant embedding F: M-> U 0W. 

Every element of U 0 W can be written uniquely as 

f1?1- ?F 8l+ +fm 0Wm87 

for Wv, * , Wm in W, i. e. the choice of basis ft,* , fm for U identifies 
U?8 W with the direct sum of m copies of W. Define F: M- U0W by 
F'(x) =-f10f1(x) + - ? * + fm?f.n(x). Since the first component of F is 
the Ck embedding fi: M -- W, a fortiori F is a Ck embedding of M in U 0 W 
so it remains only to show that F is equivariant. But 

F (gx) = fi? fi (gx) = , fi (g'lft) (x) 
i i 

E ft0 , a1j(g-1)f (x) 
i j 

j i 

= (gfj) ?3 fj (x)-g , fj 0 fj (x) gF (x). 
i i 

Q.E.D. 

3. The tubular neighborhood theorem. Let 7r: $ -M be a C' vector 
bundle. If both t and q are Ck G-manifolds, ?r is equivariant, and each 
operation of G on t is a bundle map (i. e. g maps &, linearly onto tg$) then 
we call t a Ck-vector bundle. Given a linear G-space V the CO manifold 
GUrn(V) (the Grassmannian of m dimensional linear subspaces of V) is in an 
obvious and natural way a C? G-space. There is moreover a natural vector 
bundle jmv over GU(V), ) 74V- { (v, W) C V X GU((V) I v E W}, the projection 
being of course (v, W) > W. If we define g (v, W) = (gv, gW) then emv 
becomes a CO G-vector bundle. 

If 7r: - M is a Ck G-vector bundle, N a Ok G-manifold, and fi: N -> M 
is a Pk equivariant map then the induced vector bundle f*e over N is clearly 
a Ck G-vector bundle (recall that f*e = { (x, v) C N X 4 I fx = 7rv} the action 
of G on f*e is just the restriction of the "product" action on N X t). 

If M is a Ck G-manifold (k ? 1) and fi: M -* V is a Ck equivariant 
immersion of M in a linear G-space V then a CU G-normal bundle to f ( 7 ? Ic) 
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is a Cl G-vector bundle v over M of the formn v = h*6_V (m dim V1- dim MLL) 
where h: M-> Gm(V) is a CU equivariant map such that for each x C M 
h (x) = v$, is a linear complement to im (Df$,). We note that such an f always 
has a Cki1 G-normal bundle: namely give V a G-invariant positive definite 
inner product (i. e. the structure of an orthogonal G-space) and define 
h: M GUm(GV) by h(x) - (im(Df))I. We shall see shortly that indeed f 
has a Ck G-normal bundle. 

Assume now that 1 < I _ k and that 7r: v -*M is a CI G-normal bundle 
to the Ck G-equivariant embedding fi: M -> V. Identify M with its image 
under f and also with the zero section of v and define E: v -- V by 
E(w) =r(w) + w. Then E is clearly an equivariant CI map and it is 
classical that if OM= 0 then E maps a neighborhood N of M in v diffeo- 
morphically onto a " tubular neighborhood " U of M in V. If we define 
7: U--M by r=?r (El N)-' then 7r is a Ca equivariant retraction of U 
onto Mi and we call -r: U-llM the Cl G-tubular neighborhood of M defined 
by v. 

3. 1. PROPOSITION. Let M be a CU G-manifold without boundary (k ? 1) 
which admits a Ck equivariant embedding in a linear G-space V with a c 

G-normal bundle v. If M' is a compact Ck G-manifold then there is a 
neighborhood 00 of CG? (M', M) in CO (M', M) and a continuous retraction 
Ao: 60 CGG (1M1', M) such that for 0? r ?k Ao restricts to a continuous 
retraction Ar: ,r - CGr (M', M) tvhere 0r 00 n Cr (MI, M). 

Proof. Let 0= {f C CO(M', V)I im f C U} where 7r: U-*M is a Ck 
G-tubular neighborhood of M defined by v as above. Note that CO (M', M) 
C CO (M', V) so we can define 0o= {f C CO (M', M) I Af C 6o} where 

A: CO (M', V) -CG (M', V) 
is the continuous linear projection of Theorem 1. 2. Since f0 is open in 
CO (M', V), 00 is open in CO (M', M). Moreover if f C CG? (M', M) then Af=f 
and so im (Af )im f C M C U so f O/, i. e. 0, is a neighborhood of 
C0G (M', M). We define Ao:o 0-- CGO (M', M) by jo (f) 7ro (Af). Since 
A restricts to a continuous linear projection Ar: Cr (M, V) -> CGr (M', V) 
for 0?r?ck by Theorem 1.2 and since 7r: U->M is an equivariant Ck 
retraction the proposition follows. Q. E. D. 

3. 2. COROLLARY. For 0 ? r ?< k CGk (M', M) is dense in CG" (M', M). 

Proof. Given f E CG r(M'M) choose a sequence {ff} in Ck(Ml',Al) 
converging to f in Cr (M', M). Since 6r is a neighborhood of f in Cr (711', M) 

we can suppose all f,, are in 6r. Then 7bf, E CGk (Al', lM) and 



7 5 4 RICHARD S. PALAIS. 

Akfn-Arfn -Arf= fD 
Q. E. D. 

3.3. PROPOSITION. If M is a C? G-Umanifold without boundary thenr 

- U Mn where Mn is an open invariant submanifold of M, M.n C Mn+,, 
n=1 

and each i1n is a compact Coo G-manifold with boundary. 

Proof. Let f: M - R be a C? proper map of M onto the positive reals 
and let f(x) J ff(gx)dg, so f: ]JI->R is an invariant C00 map. Given 
c > 0 Gf-1([0, c]) - X is compact and if x / X then clearly f(x) > c, so 
fr1([O,c]) CX and so 7 is a proper map. Let Mn -L1([0c1n]) where {cn} 
is a sequence of regular values of 7 with cn -->co monotonically. Q. E. D. 

3.4. THEOREM. If M is a C0? G-manifold without boundary then for 
any compact Ck G-manifold M' CGk(M', M) is dense in CGr(M1' M), 0 ? r ? k. 

00 

Proof. Represent M as U Mn as in 3.3. If f c CO(M',M) then 
n=1 

f (M') C Mn for some n since M' is compact, i. e. CGr(M', M) - U CGr(M, Mn), 

so it will suffice to show that CGk (MI, Mn) is dense in CGr (M', Mn) for all n, 
or equivalently we can assume that M is the interior of a compact C0? G- 
manifold SI-, possibly with boundary. But then by Theorem 2. 1 M admits a 
Coo equivariant embedding f: M--1 V in a Euclidean G-space V (indeed M 
does) and x 1-- im(Df,)I is a C00 equivariant map g: M Gm(7V) where 
m = dim V1- dim M, so g* (4mV) is a C0? G-normal bundle to f and the 
Theorem follows from 3. 2. Q. E. D. 

3. 5. TUBULAR NEIGHBORHOOD THEOREM. If M is a compact Ck G- 
manifold, k_I>, and f: M- V 1is a Ck equivariant embedding on a linear 
G-space V then f admits a Ck G-normal bundle and hence if OM = 0 then 
f(M) admits a Ck G-tubular neighborhood in V -i: U--f(M). 

Proof. We can assume V is a Euclidean G-space and we define 
f: M >Gm (V), m - dim V-dim M, by g (x) im (Df) -, so 

g ECGk-1 (M, G. (V)) 

Since Gm(7V) is a C00 G-manifold, by 3. 4 we can approximate g arbitrarily well 
in CG"k1 (M, G, (V)) by h COGk7(M, V). But clearly if h is sufficiently close 
to g in the CO-topology then h (x) like g (x) will for each x C M be a linear 
complement to im (Df,) in V. Then h* (4mV) is a Ck G-normal bundle to fF 

Q. E. D. 
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4. Fiberwise transversality. 

4. 1. Definition. Let ?r1: E1 -- M, and 7r2: E2 -* M2 be two Ck fiber 
bundles, k > 1, and let G2 be a Uk sub-bundle of E2. A Ck map f: E1 -* Ea 
will be called fiber-wise transversal to G2 if for each x C M1 f j (E1)_ is trans- 
versal to G2. 

4. 2. PROPOSITION. Given ?r,: E, -- M,, ?r2: E2 -* M2 and G2 as in 4. 1 
with E1 compact, the set of Ck maps f: E1,-E2 which are fiber-wise trans- 
versal to G2 is open in the Cl topology. 

Proof. Obvious. 

4.3. LEMMA. Let 7r: E -M be a Ck fiber bundle k_ >1 and let G 
be a compact Ok submanifold of E with OG = 0. A necessary and sufficient 
condition for G to be a Ck sub-bundle of E (i. e. for 7r r I G: G--*M to be 
a Uk fiber bundle) is that for each x C M GQ G n E. be a submanifold of 
G of codimension equal to the dimension of M. 

Proof. Necessity is trivial. To prove sufficiency it is enough by a well- 
known theorem of Ehressman [2] to check that when the condition is satisfied 
7r: G -- M is a submersion, i. e. that for each y E G (D4r) y: TGy -* TM, has 
rank equal to dimM. Now rank(D 7r)? dim G-dim(ker(Di) .). Since 7r 
is a fibering ker(D7r)g= T(E,) . and since (D*r) == (Dir)y, I (TG) y, 

ker(D7r)y ker(D*r), n (TG)y== T(Ex)y n (TG)y, T(E$f n G)y, T(Gx)y, 

so rank(D7r) y= dim G -dim G,= codim G, in G= dimM. Q. E. D. 

4. 4. THEOREM. Let 7r1: E1 M1, 7T2: E, -* M2 be two Ck fiber bundles. 
kI> 1, and let G2 be a Ck sub-bundle of E2. Assume E1 is compact, OM1 = 0, 
and OG2 = 0. Let f: E1 -* E2 be a Ck map which is fiber-wise transversal 
to G2 with f(aE1) n G2==0. Then G1 =f-1(G2) is a Ck sub-bundle of E1, 
G5G1 = 0, and the fiber codimension of G1 in E1 equals the fiber codimension 
of G2 in E2. 

Proof. Since f is fiber-wise transversal to G2 it is a fortiori transversal 
to G2 and hence G1 f-1 (G2) is a compact Ck submanifold of E1 of co- 
dimension equal to the codimension of G2 in E2, and OG1 = (f I aE1)-1G2 = 0. 
Putting (G1) =-- (f I (E1) )-1G2== G1 n (E1) 2,, (G1) is a submanifold of 
(El)x of codimension equal to the codimension of G2 in E2 which, since G2 
is a sub-bundle of E2 is the same as the fiber codimension of G2 in E2. Now 
since dim E -dim G = dim (El) -dim (G,1) x dim E2- dim G2 it follows 
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that dim G- dim(G1) dimE- dim(E,) dim M, and Lemma 4. 3 com- 
pletes the proof. Q. E. D. 

4.5. THEOREM. Let irl: E1--M1 and 7r,2: E2,-M2 and G2 be as in 
Theorem 4.4 and let ft: E1l-- E2 be a homotopy of Ck maps with each ft 
fiberwise transversal to G2 and all ft(aEi) n G2 empty. Then f0-1(G2) and 
f-1 (G2) are Ck equivalent sub-bundles of E1 and in particular for each x c M1 
their fibers at x are Ok diffeomorphic. 

Proof. Let S' denote [0, 1] with 0 and 1 identified. It will suffice to 
construct a Ok fiber bundle over S1 X Ml1 which restricted to {0} X Ml1 is 
f1 (G2) and restricted to {I} X Ml1 is f-1 (G2) (because bundles over 
[0, 2j] X< M are always of the form [0, 2] X B for some bundle over M11). 
By 4. 2 we can approximate ft so that (t, x) - ft (x) is Ck without changing 
fo or f1 and maintaining the other given conditions. By a standard argument 
we can also suppose that ft== fo for 0 c t <e and ft ==f for 1 -E?t 1. 
Define ht - f2t for 0 c t c I and ht f2-2t for - c t c 1. Then (t, x) > ht(x) 
is a Oc map of S' X El E2 and if we regard S' X E1 and S1 X E2 as Okf iber 
bundles over S' X M1 and S' X M2 respectively then H: Si X E1 > S1 X E2 
defined by (t, x) -> (t, ht (x) ) is clearly fiber-wise transversal to S1 X G2 and 
H(O(S' XEl)) rSX G2 ==0 so by 4.4 H-1(S'XG2) is a Ck sub-bundle 
of S1 X E1. Clearly H-1(S' X G2) I {t} X M1 is just ht-1(G2) so taking 
t ==0, 2 respectively we get fo1 (G2) and fl-1 (G2) respectively as desired. 

Q. E. D. 

4. 6. COROLLARY. Let 7rl: E1 311, M r2: E2 > M2, G and f be as in 
Theorem 4.4 and in addition assume that E1 is compact. Then there is a 
neighborhood U of f in Ck(E1,E2), which is in fact open in the C1 topology, 
such that for all h C U, h-1 (G2) is a Ck sub-bundle of E1 which is Uk equiv- 
alent to f-1 ( G2) . 

Proof. There is a CD neighborhood of f in Ck(El, E2) say UO such that 
for all h E UO h (OE,) n G2 0. There is a C1 neighborhood U1 of f by 
4. 2 such that h is fiberwise transversal to G2 for all h E U1. Now Ck (El, E2) 
is locally contractible in the C1 topology so we can take for U any contractible 
(or even pathwise connected) C1-neighborhood of f in UO n U1. Q. E. D. 

4. 7. THEOREM. Let 7rl: E1l-- M1 and 7r2: E2 - 2 be Ck fiber bundles, 
k > 1, with cormpact total spaces and OM1=OM, 0. Let fo: E1 - >E2 be a 
Ok map which maps each fiber of El di,ffeomorphically onto a fiber of E2. 
If r is any Ck section of E2 with r n &E2 =- 0 then there is a neighborhood U 
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of fo in Ck(E,,E2), which in fact is open in the Cl topology, such that for 
every f E U, frl (u) is a Ok section of E1 disjoint from 8E1. Moreover the 
map f '- f-1(a) is continuous from U C Ck(El, E2) into the space Ck(El) 
of Ck sections of E1 with the Ck topology. 

Proof. In 4. 6 take G2- = o. Since fo maps each fiber of E1 diffeomor- 
phically onto a fiber of E2 it is clear that fo is fiberwise transversal to o-, and 
hence ro = fo-l (a) is a Ck sub-bundle of E1 of fiber dimension zero, and in 
fact since fo (El) , meets cr in exactly one point, a0 is a section of El. It now 
follows from 4. 6 that f-1 (a) is also a Ck sub-bundle of E, with fiber a point, 
i. e. a Ck section of E,, if f E Ck(El, E2) is sufficiently near fo in the Cl 
topology. It remains only to show the continuity of f t- f-l (a) as a map 
of U into Ck (El). Since M, is compact it will suffice to show that if f,, -> f 
then fj-i (g) I W fr (a) I W in the Ck topology in some neighborhood W 
of each point of x C Ml. We can choose coordinates in E2 near a(x) so that 
E2 is identified with Rk X Rm, 7r2 with the projection Rk X Rm -> Rm and a 
with Rk X {O}. Then choosing coordinates near uo (x) in E1 so that E1 is 
locally Rn X Rm, 7ri is the projection Rn X Rm -* Rn and ro7 is Rn X {O}, fo is 
given locally by a map (x,y) '- (go(x), ho(x,y)) of Rn XRm*Rk X Rm 
with go (O) == O, ho(O ,O) =- and y -h (O, y) a local Ck diffeomorphism 
of one neighborhood of 0 in Rm onto another. Given f: Rn X Rm -* Rk X Rm 
near fo, say f(x,y) = (g(x,y),h(x,y)), f-1(a) is represented as the unique 
Ck map Orf: Rn -* Rm near zero which solves the equation h (x, of (x)) = 0. 
By the implicit function theorem gf and its derivatives through order k 
depend continuous on h and its derivatives through order k, which in turn of 
course depend continuously on f in the Ck topology. Q. E. D. 

5. Proofs of Theorems A, B, and C. The second conclusion of Theorem 
A is just Theorem 3. 4. The first conclusion is an immediate consequence of 
the second since the space DiffI (Mi, M2) of Cl diffeomorphisms of M1 with 
M2 is open in CO(Mil, M2), and hence if we approximate a C' equivariant 
diffeomorphism fi: lkf /1 2 well enough (in Cl (M1, 112) ) by g C COGk(Ml, M2) 
then g will be a Ck equivariant diffeomorphism of M, with M2. This com- 
pletes the proof of Theorem A. 

Now let M0o be a closed Ck manifold and let A: Mo -> V be a CG em- 
bedding of Mo in some Euclidean space. Let ir: v - MO be Ck normal bundle 
to A and ve the E-disc sub-bundle of v. As usual we identify MO with A (MO) 
and with the zero section of v, and for E small enough we identify v, with 
the E-tubular neighborhood of MO it defines, namely its image under the map 
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v i-> r(v) +fv. Let k- dim V -dim M and let ekV(E) denote the E-disc 
bundle of the vector bundle &V-* Gk (V). Define fo: ve -->V (e) by 
fo (v) = (v, v(v) ) (the Thom-Pontryagin map) so that clearly for each x c M0 
fo maps v,, (E) diffeomorphically onto the fiber of ekV (E) over v,. If a is the 
zero section ekv then fo-l(a) = Mo. Now by 4. 7 if fl: v(E) -> ekV(E) is a 
Ck map sufficiently close to fo in the C1 topology then M1, f,1(l (a) is a Ck 

section of v and hence ir J M1 : M1 -> Mo is a Ck diffeomorphism. In particular 
if we approximate fo by a CO f,, relative to the natural CO structure for ekV 
and that for v (E) inherited from V, then M1 will be a CU submanifold of V 
mapped Ck diffeomorphically onto Mo by 7r. 

Now suppose Mo is a Ck G-manifold. Then by Theorem 2. 1 we can 
suppose A is an equivariant Uk embedding of JMO in a Euclidean G-space V 
and by 3. 5 we can suppose 7ro: v-- Mo is a Ck G-normal bundle to A in V 
so that v (E) is a Ck G-tubular neighborhood. Finally since fo is clearly equi- 
variant we can by Theorem 3. 4 assume that our approximating f,: v(E) -* ekv(E) 

is equivariant. Then M1 is clearly a invariant CO submanifold of V, hence 
a C? G-manifold, and -x J M1 is of course equivariant. This completes the 
proof of Theorem B and we pass now to the proof of Theorem C. 

Let M be any closed CU manifold, ao C E (G, M) and denote by Mo the 
resulting Ck G-manifold. According to Theorem B we can choose a C- 
G-manifold M1 for which there exists a Ck equivariant diffeomorphism 
y: M1L - Mo. If al ca (G, M1) is the given action of G on M1 then of course 
a=o ca,-1 i.e. ao(g,x) =ycq(g,y-1x). Given fJE Diffk(M) we have 

==a l(Y) C Q'2k(G,M), cz(g,x) =-fyc2i(g,y7-frx) 

and af=l'y2-'-=o. Clearly f 1- >l(fY)-1 is continuous from Diffk (M) to 
Ck (G, M) so in particular if f -> e in Diffk (M) then al(t )-- ao in C(GU M). 
Thus to complete the proof of Theorem C it will suffice to find f C Diffk (M) 
arbitrarily close to the identity such that , (fy)1 C a (G, M). But since 
a, E a? (GU M) it is clear that if fy: M1- M is CU, and hence (fy) : M-*M 
is C-, then jf'Y)-1 C Ea (G, M). Now Diff - (M1l M) is dense in Diffk(Mi, M2), 
so there exists g E Diff- (Mp, M) arbitrarily near y in Diffk (M1,i M). Then 
f = gy-l is arbitrarily near the identity in Diff4 (M,l M2) and fy = g is C-. 

Q.E.D. 

5. 1. THEOREM. If M is a closed Ck G-manifold, k > 1, and M' is any 
compact Ck G-manifold, then COG(M', M) is dense in CGr(M', M) for 0 < r ? k. 

Proof. By Theorem B we can give M a CU structure which makes it a 
C,- G-manifold, and the theorem then follows from 3. 4. 
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Definition. A Ck manifold M is called Uk-asymmetric if there is no 
non-trivial CO-action of any compact connected Lie group on M, or equivalently 
if there is no effective Uk action of the circle group SI on M11. 

5. 2. THEOREM. Let M be a closed C? manifold and let 1 ? I < k 0oo. 
If M is Ck-asymmetric then M is Cl-asymmetric. 

Proof. Immediate from Theorem C. 

It would be interesting to know whether we can take I 0 in Theorem 
5. 2. In particular in a paper to appear Atiyah and Hirzebruch have shown 
that if M is a closed, orientable 4k dimensional manifold with w2 (M) = O, 
then M is CU -asymmetric (hence CO-asymmetric) provided the A-genus of M 
(a topological invariant!) is non-zero. It would be quite remarkable if such 
M could admit non-trivial CO-circle actions.* 

BRANDEIS UNIVERSITY. 
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