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DEFORMATIONS OF COMPACT DIFFERENTIABLE 
TRANSFORMATION GROUPS.* 

By RICHARD S. PALAIS and THOMAS E. STEWART.t 

Let G be a Lie group and M a differentiable (= Cr, r 1) manifold. 
We recall that a differentiable action of G on M is a differentiable map 
yp: G X M -M such that o (g1, ((g2, p)) )= i y(glg2, p), and if e is the identity 
of G, then yp (e, p) = p. By a deformation of a differentiable action (p of G 
on M we mean a one-parameter family sot (t E I = [0, 1]) of differentiable 
actions of G on M such that SOo = so and the map (g, p, t) -y sot (g, p) of 
G X M X I into M is continuous. If the latter map is differentiable, we say 
that the deformation spt is differentiable. Recall that a deformation of M is 
a one-parameter family vt (t C .I) of diffeomorphisms of M such that 1' is the 
identity and (p, t) -* -q't (p) is a continuous map of M X I into iMl. If the 
latter map is differentiable, then tt is called a differentiable deformation of MI. 
Given a differentiable action so of G on M and a [differentiable] deforma- 
tion tt of M1 we define a [differentiable] deformation sot of so by (pt(g,p) 
-frt(s (g, 't-' (p))). We call a [differentiable] deformation of so [differ- 
entiably] trivial if it can be expressed in this form. Recall that two differ- 
entiable actions soo and soi of G on M are called equivalent if there exists a 
diffeomorphism t of M such that soi(g, p) ip(s(g, +-' (p) ) ). Thus if a 
deformation sot of an action so is trivial, then so is equivalent to sot for all t C I. 
Now it is an easy consequence of a theorem proved by one of the authors 
[1, Theorem 1] that every differentiable action of a Lie group on a Euclidean 
space with at least one stationary point can be differentiably deformed into 
a linear action. On the other hand, there is an example of a differentiable 
(in fact real analytic) action of the circle group on five dimensional Euclidean 
space which is known not to be equivalent to a linear action. Also, it is a 
trivial observation that all actions of the line on the torus defined by left 
translating by a one parameter subgroup are differentiably deformable into 
each other. However, they clearly are not all equivalent, some being periodic 
and others not. Thus from the hypothesis that G is compact or that M is 
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compact we cannot conclude that all differentiable deformations of ani action 
of G on 111 are trivial. However, we will show that if both G and 3I are 
compact, then every differentiable deformation of a differelntiable action of 
G oin M is in fact differentiably trivial. First, however, we must recall a 
fairly well-known relation that exists between differentiable deformations of 
manifolds and differentiable time dependent vector fields. A differentiable 
time dependent vector field on 31 is a family X (t) (t C I) of vector fields on 
M such that (p, t) -* X (t)p is a differentiable map of 31 X I into the tangeint 
bundle of 711 (equivalently, in local coordinates the components of X (t) p 
are jointly differentiable in t and the coordinates of p). A differentiable 
path y: I-* M is called an integral curve of X(t) if its tangent at t is 
X(t)y(t) for all t C I. This is equivalent to the requirement that t-* (y(t), t) 
be an integral curve of the vector field X* on M X I given by X* (p, t) 
= (X(t), Dt). If tt is a deformation of M, then we define a differentiable 
time dependent vector field X (t) on 211 by X (t) , (p) tangent to s-> Vfs (p) 
at s t. The uniqueness theorem for ordinary differential equations implies 
that ct can be recovered from X, for t - At (p) is the integral curve of X 
starting at p. If 31 is not compact, then not every differentiable time 
dependent vector field X (t) arises in this way; in fact, there will not in 
general be an integral curve of X (t) starting at an arbitrary point p of M 
and defined for the whole unit interval. However, if 311 is compact, this 
pathology cannot arise and every differentiable time dependent vector field 
on M generates a differentiable deformation of 31. We now prove 

THEOREM. If yp is a differentiable action of a compact Lie group G on 
the compact differentiable manifold JI, then any differentiable deformation 
of so is differentiably trivial. 

Proof. If sot is a differentiable deformation of so, then 1: G X 31 X I 
M 3 X I defined by 4c(g, (p, t)) = (sot(g, p), t) is clearly a differentiable action 

of G on 31 X I. If we write I9 for the diffeomorphism (p, t) -* i (g, (p, t) ) 
of M XI and 7r for the projection of 31 X I on I, then r0g ir for all g C G. 
Let AS denote the vector field (0, D) on 31 X I. Since G is compact, we 
can '"average " A over G, i. e. form the vector field A* defined by *(p,t) 

=f 89 (A-l(PIt) )d (g) where ,u is laar measure on G. Since 1 is differ- 
entiable, a* is a differentiable vector field. By iinvariance of Ilaar measure 
A* is invariant, in the sense that 3bg(A*p, t)) = A1g(P,t). Because 8&rT&9 = 

for all g C G and 87r(A-g(p,t)) = Dt, it follows that 8r(A*&p,t)) - Dt, and 
therefore * (p, t) = (X (t) p, Dt) for some differentiable time dependent vector 
field X ( t) oI M1. If At is the corresponeding differentiable deformation of 31, 
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then (t t(p), t) is the integral curve of A* starting at (p, 0). Since A* is 
invariant, it follows that 4>g ('t (p), t) is the integral curve of A* starting at 
Ig(p, 0) = (yo(g, p), 0) = (yo(g, p), 0). But 4g(it(p), t) = ( t(g, ot(p)), t) and 
the integral curve of z* starting at (yp(g, p), 0) is (it(yp(g, p)), t), so ft(g, ft(p)) 

= t(y(g, p)). Replacing p by 't-'(p) we get ot(g, p) = vt(jp(g, ft-'(p))). q. e. d. 
The notion of a deformation of a general group action on a space can 

be defined, of course, exactly as above replacing all hypothesis of differenti- 
ability by continuity, diffeomorphism by homeomorphism, etc. However, the 
above theorem is false then even under the most stringent demands short of 
the assumptions of the theorem (indeed " almost all " actions of compact 
groups on a sphere can be deformed to linear actions). In a sense this is 
fortunate since we know that the conclusion of the theorem, i. e. two actions 
that can be deformed into one another are equivalent by conjugation, is too 
demanding. Saying that two actions yp, yp' are D-equivalent if there is a 
deformation spt such that y0 =y0, Yl =Yp' provides us with a partition of all 
action of a compact group G on Al which is conceivably more convenient 
for many of the theorems of transformation groups. Assuming that the group 
G is compact and the space Al on which it acts is a compact, generalized 
manifold the following problems seem reasonable: 

(1) If yp and yp' are D-equivalent actions of G on iM, are the orbit spaces 
of the same homotopy type? 

(2) If yp and yp' are D-equivalent, what is the relation of their orbit 
structures? In particular, are the fixed point sets of the same homotopy type? 

It is not even clear in (2) that if yp has fixed points, then the same must 
be true of yp'. 

THE INSTITUTE FOR ADVANCED STUDY. 
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