Uncountably Many Inequivalent Analytic Actions of a Compact Group on Rn
Author(s): R. S. Palais and R. W. Richardson, Jr.
Source: Proceedings of the American Mathematical Society, Vol. 14, No. 3 (Jun., 1963), pp.
374-377
Published by: American Mathematical Society
Stable URL: http://www.jstor.org/stable/2033802 .
Accessed: 07/03/2011 16:50
Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp. JSTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.
Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at .
http://www.jstor.org/action/showPublisher?publisherCode=ams. .
Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.
JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

American Mathematical Society is collaborating with JSTOR to digitize, preserve and extend access to
Proceedings of the American Mathematical Society.

http://www.jstor.org

UNCOUNTABLY MANY INEQUIVALENT ANALYTIC
ACTIONS OF A COMPACT GROUP ON Rn
R. S. PALAIS1 AND R. W. RICHARDSON, JR.2

1. Introduction. In this note we make use of recent results of
McMillan [3] to construct examples which prove the following:
THEOREM A. Let G be a compact Lie group containing more than one
element. For some positive integer n there exists an uncountable family
of real-analytic actions of G on n-dimensional Euclidean space Rn with
nonhomeomorphic sets of stationary points.

Considering Sn as the one point compactification of Rn we obtain:
COROLLARY.There exists an uncountablefamily of continuous actions
of G on Sn with nonhomeomorphic sets of stationary points.

According to a result of one of the authors [7] there are at most a
countable number of inequivalent differentiable actions of a compact
Lie group on a compact differentiable manifold. The results above
show that both the compactness of the manifold and the differentiability of the action are necessary assumptions.
In the course of our proof we also prove the following theorem,
which is an elementary consequence of the recent imbedding theorem
of Grauert [2 ], but does not seem to have been explicitly stated elsewhere.
THEOREM B. Let M1 and M2 be second-countable real-analytic manifolds which are diffeomorphic. Then M1 and M2 are analytically diffeomorphic.

2. Preliminaries. If the group G acts as a transformation group
on the space M we denote by g x the image of the point x :M under
the group element g. A point x CM is a stationary point if g x = x for
every gCG. If G is a Lie group and M is a real-analytic manifold we
say that the action of G on M is analytic if the map (g, x)- *g x is
an analytic map of G X M onto M.
The word differentiable as applied to manifolds, maps, etc., will always mean differentiable of class C.
.

3. The manifolds of McMillan. According to McMillan [3] there
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exists an uncountable family (Wa) of topologically distinct open 3manifolds such that, for each a, the product WaX
XRn is homeomorphic to Rm+a. It follows from the results of Moise [4], Cairns [1],
and Whitney [10] that each Wa admits a real-analytic structure.
Stallings has recently shown [8] that if M is a differentiable nmanifold (n>4) which is homeomorphic to Rn, then M is diffeomorphic to Rn. Let W X Rmbe given the induced analytic (and hence
differentiable) structure as the product of the analytic manifolds Wa,
and Rm. It follows from Stallings' result that, for m> 1, WaX Rm and
Rm+S are diffeomorphic. It will follow from Theorem B that they are
analytically diffeomorphic.
4. Proof of Theorem B. The following theorem is due to Whitney
[9, p. 86]:
4.1. Let e be a positive continuous function on Rn and f a function of
class Ckon Rn. Then there exists an analytic function g on Rn such that,
for every xERn,
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If M is a closed analytic submanifold of Rn with the induced Riemannian metric we obtain as an easy corollary:
4.2. Let e be a positive continuous function on Mand f a differentiable
function on M. Then there exists an analytic function g on M such that,
for every x E M,
(a) |f(x)-g (x) I < e (x) and
(b) jgradf(x) -grad g(x)jj <e(x).
If e is a positive continuous function on M and f and g are differentiable functions on M satisfying (a) and (b) of 4.2 we say that f
, fi) and g = (gi, *
, g.)
is an e-approximation to g. If f = (fi, ...
are differentiable mappings of M into Rm, we say that f is an eapproximation to g if, for each i, fi is an e-approximation to gi.
We need the following lemma:
4.3. LEMMA. Let M1 and M2 be complete Riemannian manifolds and
let f be a diffeomorphism of M1 onto M2. Then there is a positive continuous function e on M1 such that, if g is a nonsingular map of M1 into
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M2 satisfying p(f(x), g(x)) <e(x) for all xE Ml, then g is a diffeomorphism of M1 onto M2.

PROOF. It is no loss of generality to assume that M1= Ma= M and
that f is the identity map. We may also assume that M is connected
since if e is small enough, g will map each component of M into itself.
We next note that if p(g(x), x) is even bounded, then g is a proper
map. This follows from the fact that on a complete Riemannian
manifold a subset is relatively compact if and only if it is bounded.
By [6, Theorem 4.2] g is a covering map. In particular, g maps M
onto M. It remains to prove that g is one-to-one. We choose the
bounded positive function e on M such that each point xEM has
as neighborhood a geodesic ball of radius 2e(x). If p(g(x), x) <e(x) and
g(y) = g(z) = x, then y and z both lie in the ball B about x of radius
e(x). Moreover g maps B into the ball B' about x of radius 2e(x).
Since B' is simply connected and g is a covering map, g is one-to-one
on each component of g-1(B'). In particular g is one-to-one on B and
thus y=z.
We return to the proof of Theorem B. According to [2 ] M1and M2
may be analytically imbedded as closed submanifolds of (respectively) Rm and R2; we shall identify M1and M2with their images in
Rm and RQ.Let f be a diffeomorphism of M1onto M2(CR2). It is well
known that there exists a positive continuous function X on M2 with
the following property: If U is the set of pairs (x, y) C (M2XR2) such
that y is orthogonal to the tangent space of M2 at x and IIYl<71(x),
then (x, y) -*x+y is a homeomorphism of U onto an open "tubular"
neighborhood N(M2) of M2 in Rq. Moreover, if zE-R, xCM2, and

|Iz-xII<X(x), then zEN(M2). Define p: N(M2)-*M2 by p(x+y) =x

for (x, y) G U. Then p is an analytic retraction of N(M2) onto M2.
Let 77R=ql/2(77 of). If g: M1-+Rqis an X1approximation to f, then
p o g is well defined.. By 4.2 and 4.3 it will suffice to show that if e
is sufficiently small and g is an e-approximation to f, then p o g is
nonsingular. Since p of=f is nonsingular this is clear.
5. Construction of the actions. In this section we identify the
analytic manifolds WaXRm and R,+' by means of an analytic diffeomorphism.
Let G be a nontrivial compact Lie group. Let the integer m(> 1)
be chosen such that there is a faithful representation g--T0 of G in
GL(m, R) which, considered as an action of G on Rm, has only the
origin 0 as stationary point. It follows from standard theorems that
the action thus obtained of G on Rm is real-analytic. For each a we
define an action of G on WaXRn(=Rm+S) by g (w, x) = (w, To(x)).
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This action is real-analytic and the set of stationary points is precisely WaX {O1. Since the manifolds Wa are nonhomeomorphic this
completes the proof of Theorem A.
To prove the corollary we consider Sn as the one-point compactification of Rn (n=m+3); writing Sn=RnkJ{p.} we extend each action of G on Rn to an action of G on Sn by setting g PW= pc.. For each
a the set of stationary points for the given action of G on Sn is homeomorphic to the one-point compactification of Wa. Since these sets
are nonhomeomorphic the corollary follows.
6. Dimension of orbits. If G is one of the groups which can act
transitively on spheres and the integer n in Theorem A is properly
chosen, for each action in the family the principal orbits will be of
dimension (n -4). We do not know if similar examples can be constructed in which there exist orbits of dimension (n -3). It follows
from the results of [5] that no such examples exist with (n -2)dimensional orbits.
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